Abstract. We show that the identity component Diff
ON THE UNIFORM PERFECTNESS OF THE GROUPS OF DIFFEOMORPHISMS OF EVEN-DIMENSIONAL MANIFOLDS
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Abstract. We show that the identity component Diff r (M 2m ) 0 of the group of C r diffeomorphisms of a compact (2m)-dimensional manifold M 2m (1 ≤ r ≤ ∞, r = 2m + 1) is uniformly perfect for 2m ≥ 6, i.e., any element of Diff r (M 2m ) 0 can be written as a product of a bounded number of commutators. It is also shown that for a compact connected manifold M 2m (2m ≥ 6), the identity component Diff r (M 2m ) 0 of the group of C r diffeomorphisms of M 2m (1 ≤ r ≤ ∞, r = 2m + 1) is uniformly simple, i.e., for elements f and g of Diff r (M 2m ) 0 \ {id}, f can be written as a product of a bounded number of conjugates of g or g −1 .
Introduction
For an n-dimensional manifold M n , let Diff ) is equipped with the C r topology ( [11] , [16] ). By the results of Herman, Mather and Thurston ([7] , [9] , [11] , [16] , [2] ), for an n-dimensional manifold M n , Diff r c (M n ) 0 is a perfect group if r = 0 or 1 ≤ r ≤ ∞ and r = n + 1. Here, a group is said to be perfect if it coincides with its commutator subgroup. In other words, a group is perfect if any element can be written as a product of commutators.
We say that a group is uniformly perfect if any element can be written as a product of a bounded number of commutators. The following results are shown in [3] , [22] and [23] . Theorem 1.1 (Burago-Ivanov-Polterovich [3] , Tsuboi [22, 23] Here the bound for the number of commutators may depend on manifolds. For the manifolds of dimensions 2 and 4, the problem of uniform perfectness of the identity component of the group of diffeomorphisms is still open.
The argument deducing the simplicity of Diff r (M n ) 0 from the proof of its perfectness ( [4] , [16] , [2] ) applies to showing the uniform simplicity from the proof of its uniformly perfectness ( [23] ). We say that a group G is uniformly simple if, for elements f and g of G \ {1}, f can be written as a product of a bounded number of conjugates of g or g −1 . The main part of the proof of Theorem 1.2 is a decomposition of an isotopy into a bounded number of isotopies with controlled support. Then the theorem follows from Theorem 1.1 (1) in a way similar to the proof of Theorem 1.1 (2) and (3) in [22] and in [23] . For the decomposition, we give a technique to find the Whitney disks which guide to separate two subcomplexes of the middle dimension m. The condition 2m ≥ 6 on the dimension implies that the Whitney disks can be disjointly embedded in the manifold and enables us to show Theorem 1.2.
Corollary 1.3. For a compact connected (2m)-dimensional manifold
We review the proof of Theorem 1.1 in Section 2 and we give the proof of Theorem 1.2 in Section 3. The proof of lemmas used in Section 3 is given in Section 4. We show Corollary 1.3 in Section 5.
Decomposition of isotopies
The proof of our Theorem 1.2 relies on the general position argument for differentiable maps from cellular complexes to a manifold which we used in [22] and [23] and we review several necessary results.
An n-dimensional finite cellular complex X is given by a filtration
where 
Then this lemma is used to show the following theorem. 
The statement of Theorem 2.2 means that the diffeomorphism g of M n obtained in Theorem 2.2 is isotopic to the identity by an isotopy which is identity on a neighborhood of k(Q q ), and h is isotopic to the identity by an isotopy which is identity on a neighborhood of P p . To use Theorem 2.2, we looked at the p-dimensional skeleton of the cellular decomposition associated with a handle decomposition of a compact manifold and the q-dimensional skeleton of that associated with the dual handle decomposition. Then, for an even-dimensional compact manifold M 2m which has a handle decomposition without handles of the middle index m, Theorem 2.2 together with Theorem 1.1 (1) implies Theorem 1.1 (2) (see [22] ).
For the decomposition of an isotopy on an odd dimensional manifold, we used the following lemma ( [22, Remark 4.4] ).
Lemma 2.3. In Lemma 2.1, if k + = n, then there is an isotopy {Φ
Remark 2.4. In fact, we can show the following for finite cellular complexes K and L and differentiable maps f :
and L (j) denote the i-dimensional skeleton and the j-dimensional skeleton of K and L, respectively. If f is an embedding, there exists an isotopy {Φ t } t∈ [0, 1] 
Then we proceeded as follows (see [22, Lemma 6.3] 
For an odd dimensional compact manifold M 2m+1 , we considered a handle decomposition of M 2m+1 in [22] , and we took the m-dimensional skeleton P m of the associated cell decomposition and the m-dimensional skeleton Q m of the cell decomposition associated with the dual handle decomposition. Lemma 2.6. Let {h t } t∈ [0, 1] (h 0 = id) be an isotopy which is the identity on a neighborhood of 
has finitely many double point curves which is in general position with respect to the curves 
, and we showed the following lemma ([22, Lemma 6.5]).
Lemma 2.7. For the generic diffeomorphism
Note that the element h −1 • h is close to the identity and it can be decomposed Remark 5.4] ). Then by Lemmas 2.5 and 2.7,
Noticing that a can be taken as a commutator with support in i U i , Theorem 1.1 (1) implies Theorem 1.1 (3) (see [22] ).
It is worth noticing again that, for any compact manifold M n , there is a neighborhood of the identity of Diff r (M n ) 0 (1 ≤ r ≤ ∞, r = n + 1) whose element can be written as a product of four or six commutators( [22, Remark 5.4] 
Proof of the main theorem
For an even dimensional compact manifold M 2m , we proceed as follows to prove Theorem 1.2. The proof of lemmas is given in the next section.
For the manifold M 2m , we consider its triangulation P and let
of the triangulation P has the following property:
Then there is an embedding ι of (
there is a diffeomorphism of M 2m isotopic to the identity which maps For the manifold M 2m , the statement of Lemma 2.5 is written as follows.
Moreover there is an isotopy {h t } t∈ [0, 1] which has the following properties:
(1) h 0 = id, h 1 = h, and h t is the identity on a neighborhood of
Then, if 2m ≥ 4, we can separate the image
by an argument similar to the proof of Lemmas 2.6 and 2.7
First, we approximate the isotopy H by a generic one H. Let
) generic with respect to P m and k(Q m ) such that h t is the identity on a neighborhood of P (m−2) . Then H(t, x) = h t (x) has the following properties:
and h t is the identity on a neighborhood of P (m−2) . (1) The restriction
is an immersion, where
is an embedding (i = 1, . . . , r), and
Here, the statements (1)- (7) hold for generic H (or the properties (1)- (7) are generic in the space of isotopies). In particular, the statement (5) For the proof of uniform perfectness, we can approximate the diffeomorphism for a bounded number of times. In fact in this case,
) is close to the identity. By Remark 2.8, h 1 −1 • h 1 is written as a product of six commutators.
Lemma 3.3. For the above generic isotopy {h t } t∈[0,1] , there is a neighborhood
Note that a t ∈ Diff r c ( r i=1 U i ) 0 can be taken as one commutator with support in r i=1 U i (see [23] ).
In other words, g t and h t (t ∈ [0, 1]) are the identity on neighborhoods of k(Q m ) and P (m−1) , respectively. Note that, by taking h t generically on
Here we used the following lemma which is a part of Theorem 2. 
is the identity on a neighborhood of P (m−1) and h
We look at the intersection h
We assume 2m ≥ 6 and we are going to simplify the intersection, simplex by simplex. This is the main part of the proof of our Theorem 1. For the latter process, we will find the Whitney disks which guide the construction of isotopy to reduce the order of the intersection point set.
More precisely, we construct the isotopies inductively. As we wrote, let σ m i
is the identity on a neighborhood of
t (x) has the following properties:
) is a finite set;
is an embedding (i = 1, . . . , r (j) ), and
Here, the statements (1)- (7) hold for generic H (j) . In particular, for the statement (1), we notice that the set of rank m matrices in the space of (m+1)×(2m) matrices is codimension m ( [15] ). The statement (6) holds because the inverse image of the double point set of
i } (i = 1, . . . , r (j) ) and 2m ≥ 6.
Lemma 3.5. For the above generic isotopy {h
are disjoint and there is an isotopy {a
Note again that a
i ) 0 can be taken as one commutator with support in
(see [23] ).
The isotopy h (j) t
given by Lemma 3.5 has the following properties.
is generic with respect to P m and k(Q m ).
Now we look at the intersection h
t is the identity on a neighborhood of
is a finite set which vary with respect to the parameter t. If 2m ≥ 6, we can find the Whitney disks which guide to reduce the order of intersection point set h 
) is the empty set for small t, and since h We use this Lemma 3.6 in the following way. We take a tubular neighborhood of k(τ m ) and the projection p k(τ m ) to the fiber which is an m-dimensional disk, and look at the map
, by using Lemma 3.6, there are only finitely many generations and cancellations of pairs of intersections in the family {h
We are going to construct the disks associated with the intersection
. For a generation of a pair of intersection points, the intersection points near the generation point are written as h 
Once we choose the pair of intersection points to be joined by the geodesic segment, we continue joining them as the parameter t increses unless one of these intersection points meets a cancellation point.
For a cancellation of a pair of intersections, the intersection points near the cancellation point are written as h , where c 1 ,. . . , c m−1 are constants. Assume that we have chosen geodesic segments for the intersection points such that t < t 0 . Let x t (t ∈ (t 0 − ε 0 , t 0 )) be the other endpoint of the geodesic segment containing x t , and y t (t ∈ (t 0 −ε 0 , t 0 )) be the other endpoint of the geodesic segment containing y t . There are two cases. In the case where x t 0 = y t 0 , that is, if it is a cancellation of intersection points belonging to different geodesic segments x t x t and y t y t in {t} × σ m j+1 (t ∈ (t 0 − ε 0 , t 0 )), we draw the geodesic triangle joining the 3 points x t 0 = y t 0 , x t 0 and y t 0 in {t 0 } × σ m j+1 , and continue to draw the geodesic segment x t y t joining x t and y t in {t} × σ m j+1 (t ∈ (t 0 , t 0 + ε 0 )). In the case where −1) ). Now we have a family of geodesic segments in σ m j+1 moving with respect to the parameter t and there are only finitely many times t i (i = 1, . . . , r (j) ) when there appear geodesic triangles.
We are assuming that 2m ≥ 6, and for generic h
t , the family of geodesic segments satisfies the following properties because the preimage of the double points of h
The geodesic segments in σ m j+1 joining the pairs of intersection points in (h t (j) ) −1 (k(τ m )) never contain the preimage of double points of (h t (j) )(P m ). (2) The geodesic triangles never contain the preimage of double points of (h t (j) )(P m ).
For t i (i = 1, . . . , r (j) ), let Y be the union of the geodesic triangle with the three vertices x t i = y t i , x t i and y t i in {t i } × σ m j+1 , the geodesic segments x t x t and y t y t in {t} × σ m j+1 , (t ∈ (t i − ε i , t i )) and the geodesic segments x t y t in {t} × σ m j+1 is a union of two disjoint differentiable curves near the original geodesic segments for t ∈ [t i − ε i /2, t i ) and is one differentiable curve near the geodesic triangle for
Now we look at the union Z of geodesic segments which are not modified by the above operation and the manifolds Y for all t i (i = 1, . . . , r In the case where 2m = 6, we see in a similar way that
is an immersed image of 2-dimensional disks which has generically a finite number of double points. That is, the curves joining the pairs of intersection points in (h intersect at the time t , we modify one of the family {γ (t) 2 } of geodesic curves near t by a family {γ 2 (t) } of curves which does not intersect {γ
1 } near t . More concretely, for a small positive real number ε , we can find a neighborhood of γ
We can choose the parametrization in this neighborhood so that
. By using a smooth bump function μ :
where c and δ are small positive real numbers such that the image of γ 2 ( t +s) is contained in our neighborhood X. Then the curves γ
Thus for 2m ≥ 6, using the above family of curves if necessary, we have the union Z of a finite number of disjointly embedded 2-dimensional disks
Since 2m ≥ 6, the images under generic H (j) of these 2-dimensional disks are disjointly embedded in M 2m \ k(Q (m−1) ). The images of these disks are called the Whitney disks.
We have been looking at the intersection point set h 
and H (j) |Z is an embedding. If 2m ≥ 8, then the Whitney disks H (j) (Z ) do not contain double points of
. This is because the inverse image of the double point set of
, the intersection is a finite set and we pick up the points of Whitney disks which are in the image of h (j) t (P 3 ) with larger t;
where (t
Hence if 2m = 6, we have the Whitney disks H (j) (Z ) and the
Using the Whitney disks H (j) (Z ) and curves
(j) ), we prove the following lemmas in the next section.
Lemma 3.7. For h (j)
t , there is an isotopy {b
= id) with support in a union of disjointly embedded open balls such that for
is the identity on a neighborhood of 
Now we complete the proof of our main Theorem 1.2.
Proof of Theorem 1.2. Let f be an element of Diff
Then by using the approximation h of h,
By Lemmas 3.3 and 3.4, there are a diffeomorphism a with support in a union of disjointly embedded open balls, g ∈ Diff
Put
Hence,
Here, note that
is close to the identity, by Remark 2.8, it is written as h
and a is with support in a union of disjointly embedded open balls which is a neighborhood of the union of m handles. Thus
can be written as one commutator with support in a union of disjointly embedded open balls. The diffeomorphism a can be written as a product of two commutators by Theorem 1.1 (1) . 
Proof of lemmas
We give the proof of lemmas we used in the previous section to show Theorem 
2m−1 , and
Take an isotopy {a t } t∈ [0, 1] with support in
Moreover, by changing the time parameter of the above a t , we obtain an isotopy a t (a 0 = id) with support in
In fact, if we put
and look at a (
Hence by using the above a t with appropriate time change, we obtain the desired isotopy a t . Note that a 1 ∈ Diff 
Let W be a neighborhood of P 0 in M n where f t is the identity. Let U be a neighborhood of 
. Then η generates an isotopy {g t } t∈ [0, 1] such that g t is the identity on the neighborhood 
Proof of Lemma 3.5. The proof is similar to that of Lemma 3.3.
For
) is described as follows. We put a coordinate
Take an isotopy {a
Moreover, by changing the time parameter, we obtain an isotopy a
and look at a
Hence by using the above a
with appropriate time change, we obtain the desired isotopy a
Proof of Lemma 3.6. For
On the 2-jet bundle 
Then E 1 and E 2 are codimension 2 subbundles. The closures of these subbundles are the set determined by the inequalities expressing the ranks are not greater than m − 1. By the jet transversality theorem, the jet of a generic map F intersects these subbundles transversely. Hence the set
is an (m − 1)-dimensional subset and its image in R m is nowhere dense. We take a point y in R m in the complement of this image and consider its inverse image In Section 3, we showed that any element f ∈ Diff r (M 2m ) 0 can be written as Remark 5.3. We showed in [23] that, for a compact connected n-dimensional manifold M n with handle decomposition without handles of the middle index n/2, for any elements f and g of Diff r (M n ) 0 \{id}, f can be written as a product of at most 16n + 28 conjugates of g or g −1 . For such manifolds, the bound for the number of conjugates depends only on the dimension n. In Corollary 1.3, however, the bound for the number of conjugates may depend on the topology of M 2m .
